Hamburger and Stieltjes moment sequences are studied from the standpoint of the geometry of their moment spaces. Necessary and sufficient conditions are obtained that each of these sequences be indeterminate. The elements in the associated Jacobi and Stieltjes type continued fractions are characterized in terms of ratios of distances in the moment spaces.
1* Introduction* A sequence of real numbers {c Λ }«= 0 is an H {Hamburger moment) sequence if there exists a bounded nojidecreasing function 7 on (-oo 9 co) such that (1) c.= Γ Fd7(t) (n = 0 f l,2, ...).
The function 7, called a mass function for the sequence {c n }, is normalized to be left continuous and such that 7(0) = 0. The sequence {c Λ }*=o is an S (Stieltjes moment) sequence if it is an H sequence and there is a mass function 7 for the sequence that is constant on (-oo^O). An H sequence or an S sequence is determinate if the mass function 7 for the sequence is unique. Otherwise the moment sequence is indeterminate.
The geometric approach of Caratheodory [2] for the classical moment problems has been extended and generalized by a number of authors (see [5] ). In particular, Krein [6] initiated a geometric study of general Tchebycheff systems and Karlin and Shapley [4] rekindled interest in the geometry of moment sequences by their definitive memoir on the finite (Hausdorff) moment problem. The primary purpose of this paper is to provide, in the spirit of the works of Krein and of Karlin and Shapley, geometric characterizations for indeterminate H sequences and for indeterminate S sequences.
More specifically, let ffll 2m+1 denote the set of vectors c = (c 0 , ^i, •• ,<w) in Euclidean E 2m+1 space such that there is a mass function 7 on (-oo, oo) for which (1) holds when n = 0, 1, 2, , 2m, For real λ > 0 and for c, c* in 2K 2w+1 , the vectors Xc and c + c* are also in 9K 2 »+i-Thus 2K 2m+1 is a convex cone in E 2m+1 . , cj is an interior point of the limit parabolic region. For an S sequence there is a convex cone 9ϊ 2m+1 corresponding to 3ft 2 m+t and two dimensional sections E' m of this cone are introduced in the same fashion as the sections D m were defined from 3K 2 m+i An S sequence is proved to be indeterminate if and only if (c 0 , cj is an interior point of ΠΞ=i E* ^ § 4. The final section of this paper provides a geometric interpretation of the coefficients of the J-f raction or S-f raction corresponding to ΣS= 0 cjz m+1 when {c w }^= 0> is an H or an S sequence respectively.
2
Preliminaries* For a real sequence let
For brevity set Δ n = Δ %jQ . A classical necessary and sufficient condition for [c n }n=Q to be an H sequence is that either (a) Δ n > 0 for n = 0, 1, 2, or (b) A n > 0 for w = 0, 1, 2, , m -1 and 4 Λ = 0 for n = m, m + 1, ([3] , [7, p. 5] 
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where B n (z) and A n (z) respectively denote the nth denominator and nth numerator of the continued fraction (3) . Since Δ % = a\a\ a\Δ % _ x [8, p. 197] , the polynomials Pt, Qt are defined for n ^ m if Δ n φ 0, n ^ m. When Δ n Φ 0, % ^ m, we have furthermore that 
Co
(See, for example, [9] .) Set Δ__ lΛ = 1 and assume c 0 > 0. Then a necessary and sufficient condition for {cj~= o to be an S sequence is that either (c) Δ n > 0 and Δ nΛ > 0 for n = 0, 1, 2, or (d) Δ n > 0 and J w _ la > 0 for w = 0, 1, 2, , m; J Wfl ^ 0; and J w -Δ nΛ -0 for n -m + 1, m + 2, [7, p. 6] . The polynomials P*, Qί can be defined for an S sequence by (4) where the continued fraction (3) is the even part of the infraction 0 (n = 1, 2, •-., m) Suppose Δ n > 0 for n < ra. Then by (5), (6), and (7) 
is α closed convex region bounded by the parabola
where x n = H n -GJ/F,, y w --GJί 7 . and
Furthermore, D n aD n _ lf converge to finite limits. (12) is obtained from (5), (6), and (7) when the indices are augmented by 2 by a straight-forward calculation (see also [9] ). The fact that the parabolic regions D n are nested follows immediately from (9) and (10). One consequence of these observations is that the sequence {x n } is nondecreasing. Since (c 0 , cj e D n for all n 9 we have x n <^ c 0 and, hence, lim^^oo x n ^ c 0 . To prove {y n } also converges, first note that {F n } is a nondecreasing sequence of positive numbers. Hence F n tends to a positive limit or oo as n -> oo. From the nesting of the regions, we have (x m , y m ) e D n whenever m ^ n. By (12) this implies
It follows that {y n } tends to a finite limit as n -* oo.
Let x° -lim x n , y° = lim y n (n -> oo) under the hypothesis of Lemma 1. If F n ->F< oo, then Π£=iA> is a closed region bounded by the parabola a? -x° = F(y - once n > m + 1, that is, once the parabolic regions degenerate to a ray. It is meaningful, therefore, to speak of this ray as the limit region Πϊ=i D n for a positive semidefinite H sequence. THEOREM 
Let {c n }Z=o be an H sequence. This sequence is indeterminate if and only if (c 0 , c t ) is an interior point of the limit parabolic region.
Proof. If {c n } is positive semidefinite, then the limit region is a ray by Lemma 2. The limit region has no interior points in this case and the sequence is determinate.
Suppose {c n } is positive definite. By (5) and (12) the length of the latus rectum of the wth parabola is 1/F n = Δ n _ u2 /A n _ 2A .
If lim Δ n _ U2 /Δ n _ 2}i = 0 as n -•> oo, then the limit parabolic region is a ray and by (2) the sequence is determinate. Suppose therefore Δ n _ U2 /Δ n _ 2A has a nonzero limit as n-»<*>. By (14) as n-»oo. The last condition implies {c n } is determinate by (2) . Furthermore, c Q •= c 0 implies (c 0 , c L ) is on the boundary of the limit parabolic region. Now if c 0 < c Q , then (c 0 , cj is interior to the limit parabolic region and by (2) the sequence {c n } is indeterminate. 4* S sequences. Every S sequence is an H sequence so the existence of the limit parabolic region is assured by Lemma 1 and Lemma 2. Furthermore a sequence {c w }£ = o is an indeterminate S sequence if and only if {pJ^U, where p 2n = c n , p 2n+1 = 0(n = 0, 1, 2, -), is an indeterminate H sequence. Replacing {c n } by {pj in (2), we obtain the following criteria for an indeterminate S sequence. The following determinant identity is needed. 
Proof. For a sequence^l
, (Δ_ U2 = 1). 
Therefore,
Δ n _ 2t2 }Δ n (t)]
and λ%
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The identity follows from these equalities. Let {c n }n=o be an £ sequence such that Δ nΛ > 0 for n <ί m. Proof. If {c n }n=o is positive semidefinite, the sequence is determinate and the limit parabolic region has no interior points. Suppose, therefore, {c n } is positive definite. If the limit parabolic region is a ray x ^> c Ot y = c 19 then c 1 = c x and, hence, Δ n JΔ n _ 1^ -> 0 as w-> oo. The sequence {c % } is determinate in this case by Lemma 3. If the limit parabolic region has interior points, then (c 0 , c x ) is on its boundary if and only if c 0 -c o , w = ΔJΔ n _ U2~+ 0 as ^-> oo. Again by Lemma 3, the sequence {c n } is determinate when the last condition holds. Finally let (c 0> cj be an interior point of the limit parabolic region. Then {4/4-i,J does not tend to zero as n ->°o. In this case, {cj is determinate if and only if c ι -c Un = Δ nΛ /Δ n _ 1> < i --+0 as %-• oo by Lemma 3. The last condition is equivalent to the condition c γ = c t and the proof is complete.
COROLLARY. Let {c Λ }»= 0 be a positive definite S sequence. This sequence is a determinate S sequence and an indeterminate H sequence if and only if (c Of cj is an interior point of the limit parabolic region and 6 t =* = c t = lim^cb c un .
5* A geometric interpretation of the continued fraction coefficients* For n ^ 1, let Δ%_ γ denote the minor of the element c 2% _ γ in the determinant Δ n . From the algorithm for expanding a power series into a /-fraction [8, p. 196] it is easily proved that the coefficients of (3) are determined by (17) where Δ*_ γ -0, Δ_ x = Δ_ 2 = 1, and {c n }^=o is an J2" sequence such that Δ n > 0 when w ^ m. To obtain a geometric interpretation of these coefficients> we introduce the two dimensional sections of the cone m 2n+1 defined by En = {fa vY (Co, c x , , c 2w _ 2 , x, i/) G Wl 2n+ι }{n ^ m) .
Note that E n is a closed region bounded by the parabola -0 ,x y Let c 2n denote the ^/-coordinate of the point on the parabola for which fc -^2^-1-A simple computation proves that the axis of this parabola is x -ct n -u where Δζ n _ x is obtained by replacing c 2n^ in Δ*_ γ with ct n -i and setting the resulting determinant equal to zero. 
where z/_ 2)1 = Δ_ lΛ = Δ_ λ = 1 and {c % }~= 0 is an S sequence for which J Λ > 0, Δ n _ ul > 0 when n ^ m. The result is a consequence of (19) and the identities e n = ΔJΔ n _ lf The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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